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Abstract. A graph G = (V, E) is called a hyper-ring with N nodes
(N -HR for short) if V = {0, ..., N − 1} and E = {{u, v}|v − u modulo
N is a power of 2}. The following results are shown. We prove that
the node-connectivity κ of an N -HR is equal to its degree, say δ, by
presenting an algorithm for the explicit construction of δ node-disjoint
paths connecting nodes s and t. The length of these paths is bounded by
�log D� + 3, where D is the positional distance between s and t. Finally,
we show a node-to-node communication scheme for HRs that requires
only �log D�+3 rounds, even in the presence of up to δ−1 node failures.
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1 Introduction

Various topologies have been proposed for interconnecting processors in large
scaled parallel and/or distributed systems. Hyper-rings (HRs) [2] and their vari-
ations have appeared in the literature under several names, including optimal
broadcasting scheme [1] and binary jumping networks [8]. Detailed discussions
on the structure, properties, and advantages of this family of networks and their
fault tolerance were presented in [2,7,8].

Node-connectivity of a network is fundamental in the analysis of network
reliability and/or security. Menger’s Theorem relates the connectivity of a graph
G, denoted by κ(G), to the size of the smallest set (among the maximal sets)
of pair-wise internally node-disjoint paths between any pair of nodes s and t
[12]. Note that in any G, κ ≤ δ, where δ denotes the minimal nodal degree of G.
Hence, in a network, multiple copies of a message may be sent through a number
of disjoint paths and fault tolerance can be achieved in this manner [10].

In addition to increased reliability, disjoint paths provide an excellent mecha-
nism for transmitting secret messages through a network. Using Rabin’s Informa-
tion Dispersal Algorithm [11], or partitioning a secret message into submessages,
where every i-th packet is transmitted via the i-th mod κ path, may prevent (or
at least make it more difficult) for adversaries to intercept and decipher it.

Han et al. [8], have extended the results obtained in [7] addressing the prob-
lem of broadcasting in faulty binary jumping networks, a directed version of
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HRs with roughly half the number of edges. However, their work was limited to
the general broadcasting problem (one source sending the same message to all
nodes in the network), and not to the more interesting problem of an explicit
construction of the κ node-to-node disjoint paths, investigated here.

It is relatively easy to show that for any N -HR, δ−2 ≤ κ ≤ δ, by applying the
results of [4] to a reduced HR in which the maximal positional distance between
any connected nodes is 2�log N�−1 and not the standard 2�log N�. The reduced
HR would be a circulant with the property of convexity, which is sufficient (but
not a necessary) condition for κ = δ [4,5].

The major contribution of this paper is showing that HRs’ connectivity is
maximal by presenting an algorithm that generates the δ node-disjoint paths
between any source node s and destination node t. Moreover, the length of all
of these paths is bounded from above by �log D� + 3, where D ≤ �N/2� is the
positional distance between s and t.

The rest of the paper is organized as follows. In Section 2, we present two
fundamental methods of HR construction. There, we also introduce Semi Hyper-
rings (SHRs) and enriched SHRs, discuss their connectivities, and node-disjoint
path construction for SHRs. These will play a fundamental role in our node-to-
node disjoint-path construction and communication schemes of Section 3.

2 Preliminaries

2.1 HR Construction

Let us begin with a formal definition of a hyper-ring.

Definition 1. A graph G = (V, E) is called a hyper-ring with N nodes (N -HR
for short) if V = {0, ..., N −1} and E = {{u, v}|[v −u]N is a power of 2 }, where
[m]r is m modulo r.

Definition 2. The positional distance between node s and node t of N -HR is
defined to be min{[t − s]N , [s − t]N}.

The number of edges between nodes in an HR is roughly twice that of a
hypercube (HC) with the same number of nodes, but the proposed organization
possesses a number of advantages over the HC. In particular, for any N we can
construct an N node HR, whereas a hypercube must contain exactly 2k nodes
for some k. An example of an 11-HR is shown in Figure 1. Note that what
appears to be a connection of positional distance 3 is really a (counterclockwise)
connection of positional distance 8. This class of edges, connecting nodes 2�log N�

away from each other, will be addressed in more detail in the path construction
procedures of this section.

The HCs have a natural and an elegant recursive structure that does not seem
to extend to HRs in an obvious way. In particular, the number of edges in HRs
does not grow monotonically with the number of nodes [2]. It turns out, however,
that HRs do possess an interesting recursive construction that encompasses HCs
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Fig. 1. An example of an 11-HR.

in a sense as a special case. examine First, let us observe a simple (nonrecursive)
construction of N -HRs. The following procedure is straightforward and needs no
further explanation.

for i := 0 to N − 1 do
for k := 0 to �log N� do

if there is no edge between i and [i + 2k]N
then connect node i to nodes labeled [i ± 2k]N

Observe that in HRs, the two edges usually connecting nodes that are either
2�log N� or 2�log N�−1 positional distance away from each other either do not exist
as such (examine the (2i + 2j)-HR family), may merge into one (2k-HR family),
or crisscross (all of the remaining HRs). Again, see edges (0,8) and (0,[−8]11 = 3)
in Figure 1.

Assume that an N -HR has already been constructed. Suppose we wish to
construct a 2N -HR from it. The following procedure [2], takes as input an N -
HR0 and returns a 2N -HR.

make a duplicate copy of N -HR0, call it N -HR1
for i := 0 to N − 1 do

relabel node i in N -HR0 to 2i
relabel node i in N -HR1 to 2i + 1

for i := 0 to 2N − 1 do
connect node i and node [i + 1]2N

Figure 2 shows the connections for one node of the HR constructed using the
doubling construction procedure. It shows that if δ is the degree of an N -HR,
N > 1, then the degree of 2N -HR is δ + 2. Previously, it was shown that the
doubling of an HR increases its connectivity from κ to κ + 2 [3]. The essence of
the proof is captured by the two paths containing nodes α and β in Figure 2,
however, it will not be discussed here.
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Fig. 2. An HR constructed using the doubling procedure and the two additional node-
disjoint paths via α and β.

2.2 Semi Hyper-rings

Before we can proceed with the node-disjoint path construction algorithm for
HRs, let us introduce a related structure and examine its connectivity and path
algorithms.

Definition 3. A Semi Hyper-ring is a graph corresponding to any segment of
P consecutive integers, (P -SHR for short) in which any two nodes (integers) are
connected iff they are a power of 2 positional distance away from each other.

Lemma 1. The node-connectivity of a P -SHR is equal to �log P �, which is also
the degree of its first and last nodes.

Proof. It is obvious that the degree of the first and last nodes of any P -SHR is
�log P �. Observe that for all r > 0, the SHRs of size 2r + 1 through 2r+1 will
have the same connectivity. This is due to the Expansion Lemma (see, e.g., [12])
which states that if G is a k-connected graph, and G′ is obtained from G by
adding a new vertex y with at least k neighbors in G, then G′ is k-connected.
This allows us to focus on SHRs of size P = 2q + 1, e.g., the integers 0, 1, ..., 2q.

We show, by induction on q, that P -SHRs have connectivity of �log P �. For
q = 1, the 3-SHR is obviously 2-connected.

Inductive Hypothesis: Assume that any (2q + 1)-SHR is q + 1-connected, i.e.,
between any two nodes s and t, there exist q+1 node-disjoint paths. Equivalently,
if S1 and S2 are two disjoint sets of q +1 nodes each, all located within the same
(2q + 1)-SHR, then there exist q + 1 node-disjoint paths within it that pairwise
connect the nodes of both sets.
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Let us now examine a (2q+1 + 1)-SHR. Observe that the degrees of all nodes
in the (2q+1 + 1)-SHR have increased by 1, e.g., the degree of node 0 is now
q + 2, etc. We must show that for any 0 ≤ s < t ≤ 2q+1 there are now q + 2
node-disjoint paths between s and t. There are two cases to consider:

1. If t−s ≤ 2q, then by the Inductive Hypothesis there exist q+1 node-disjoint
paths between s and t such that the internal nodes of these paths will be
totally contained within a (2q + 1)-SHR whose one endpoint is either node
s, or t, or an SHR whose endpoints are t − 2q + 1 and s + 2q − 1.
The (q + 2nd) path will have one of three possible forms, which will depend
on the relative placement of s and t:
{s, s − 1, s − 2, ..., 0, 2q+1, 2q+1 − 1, 2q+1 − 2, ..., t + 2q, t}, if s, t ≤ 2q;
{s, s−2q, s−2q −1, s−2q −2, ..., 0, 2q+1, 2q+1 −1, 2q+1 −2, ..., t}, if s, t ≥ 2q;
{s, s + 2q, s + 2q + 1, s + 2q + 2, ..., 2q+1, 0, 1, 2, ..., t − 2q, t}, if s < 2q < t.

2. If t − s > 2q, then by the Inductive Hypothesis and the Expansion Lemma
there already exist q+1 node-disjoint paths between s and t. Furthermore, all
of the internal nodes of these q+1 paths have indices greater than s and less
than t. The (q+2nd) path will have the form: {s, s−1, s−2, ..., 0, 2q+1, 2q+1−
1, 2q+1 − 2, ..., t}. ��

2.3 Path Construction for SHRs

For ease of presentation and clarity, let us visualize the problem of SHR/HR
node-disjoint path construction as a simple (one player) blue/green pebble game,
which has only three rules:

1. The only pebble movements (hops) allowed are via the existing edges.
2. A pebble may not be placed on a node previously visited by any other pebble.
3. If node i is occupied by a pebble, the player may capture it by hopping a

different color pebble to i and removing both pebbles from the game.

The object of the game is to maximize the number of captured pebbles, given
some initial pebble configuration. It should be clear that the traces of the pebble
hops uniquely define a set of node-disjoint paths and that a capture indicates
a completion of a path between the nodes where the pebbles were originally
placed.

Let us now present procedure CompressSHR that given t as input generates
the �log t� node-disjoint paths between 0 and t within the (t + 1)-SHR. We will
describe the steps of this procedure in terms of pebble movements.

procedure CompressSHR(t)
Initialize: place �log t� blue and �log t� green pebbles in locations

{20, 21, ..., 2�log t�} and {t − 20, t − 21, ..., t − 2�log t�}, respectively.

0. Check for any green and blue pebbles placed on the same node,
(including blue on t and green on 0) and if found, capture them.
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while any pebbles are left do
1. Identify the green pebble g that is closest and to the right of the

rightmost blue pebble b.
2. For all of the remaining green pebbles to the right of b use an

appropriate single-hop to move them to the left of b.
If any land on another blue pebble, consider it a capture.

3. Construct the appropriate sequence of hops for g to capture b.

It is clear that the green pebble movements represent the node t to node s
paths and that they are node-disjoint (see Figure 3). Observe that at each loop
iteration at least one capture is made, limiting the number of loops to �log t�,
making the maximal number of hops made by any pebble to be no more than
�log t�. Furthermore, if for some reason (e.g., an incorrect initial placement of
one of the blue pebbles) step 1 fails, then let g be the green pebble closest to the
rightmost blue pebble and continue with step 3, for that particular while-loop
iteration. Later, we will see how that may become necessary during the HR path
construction.

t
s

2
q

2
q-1

210

b
g

Fig. 3. Compression of an SHR and node-disjoint path construction.

Definition 4. A P -SHR is said to be enriched if it is extended by allowing
additional connections between all pairs of nodes that are of k positional distance
away from each other, for a fixed k, 3 ≤ k < P , which is not a power of 2.

Hence, the degree of the first and last nodes in any enriched P -SHR is equal to
�log P �+1. Observe that procedure CompressSHR(t) can be naturally extended
to include enriched SHRs by initially placing additional blue and green pebbles
in locations k and t − k, respectively.

Observation 1 Procedure CompressSHR will capture all of the pebbles in any
(enriched) P -SHR.

Let s < t be two nodes in an N -HR that are D ≤ �N/2� positions away from
each other. We may construct a (possibly enriched) D-SHR(s,t) that spans s and
t by removing from the N -HR all of the nodes (and their edges) outside the line
segment (s, t), (i.e., outside {s, s + 1, ..., t − 1, t}).

Let us focus on the family of N -HRs that possess the crisscrossing edges
connecting nodes of 2�log N� positional distance.
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Observation 2 If D ≥ N − 2�log N� then the degree of nodes s and t as well as
the number of node-disjoint paths between s and t in the D-SHR(s,t) is equal to
�log D� + 1, otherwise it is �log D�.

The next result will allow us to obtain the disjoint-path length bounds for
not only SHRs, but eventually, HRs.

Lemma 2. For any (enriched) D-SHR, the length of the node-disjoint paths
constructed by procedure CompressSHR is bounded by �log D� + 2.

3 Path Construction for HRs

We now present our algorithm for the construction of node-disjoint paths in HRs.
First, given N, s, and t we will make the initial pebble placement by putting the
blue (and green) pebbles on nodes which are exactly ±2i, i = 0, ..., �log N�,
positions away from s (and t), respectively (making any immediate capture(s),
if any blue/green pair of pebbles has been found on the same node). Observe
that a placement of a blue pebble on t and a green one on s indicates that s and
t are directly connected by an edge and calls for an immediate capture of the
two pebbles.

Let D be the minimal (clockwise, counterclockwise) positional distance be-
tween s and t and d = �log D�. Denote by Ms and Mt the nodes [s + �N/2�]N
and [t − �N/2�]N , respectively.

Next, as shown in Figure 4, the following six SHRs will be identified. Note
that, in certain extreme cases, (e.g., 2K-HRs and D = K), SHRB , SHRB′ ,
SHRC , and SHRC′ may contain no nodes, and s and t may serve as end nodes
for both SHRA and SHRE .

1. SHRA is the segment (s, t) of size 2 ≤ D ≤ �N/2�.
2. SHRB is bounded by s − 1 and the closer of two nodes (s − 2d, Mt + 1).

SHRB′ is bounded by t + 1 and the closer of two nodes (t + 2d, Ms − 1).
3. SHRC is bounded by closer of two nodes (s − 2d − 1, Mt + 1), and Mt + 1.

SHRC′ is bounded by closer of two nodes (t + 2d + 1, Ms − 1), and Ms − 1.
4. SHRE is bounded by Mt and Ms.

We can easily capture all of the pebbles in SHRA by CompressSHR.
Next, we will capture the pebbles from the nodes of SHRB and SHRB′ .

We single-hop the blue pebbles from SHRB to SHRB′ by taking their 2d+1

(clockwise) connections. While it is clear that all of the blue pebbles would wind
up in SHRB′ , there are two potential problems.

1. One blue pebble may already be in SHRB′ via the 2d-connection. To address
this problem, one of the blue pebbles should be left behind in SHRB , the
question of which one is answered below.

2. One blue pebble may already be in SHRB′ via the 2�log N�-connection. If so,
a second blue pebble would have to be left behind in SHRB .
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Fig. 4. Partitioning of an N -HR.

A quick check would determine if any of the SHRB blue pebbles could land on
the above-mentioned (blue) problem pebbles in SHRB′ (and those would be the
ones that would stay behind in SHRB . If no such pebble(s) exist in SHRB , then
we pick them randomly. In any case, at most d + 1 blue (and the same number
of green) pebbles would be present in SHRB′ after this 2d+1 cross-over. Observe
that the one/two blue pebble(s) left behind will now be used within SHRB to
join the one/two green pebbles that (by symmetry) would have been in SHRB

from the beginning. At this time CompressSHR would be used on SHRB′ .
We now turn our attention to SHRC and SHRC′ . Observe that if D 	= 2d,

the pebbles in SHRC are in locations (blue) 2d+1, 2d+2, ... and (green) 2d+1 −
D, 2d+2 − D, ..., positions away from s. The blue/green pebble pairs in SHRC

from locations (2d+j , 2d+j − D) away from s will be appropriately moved and
captured. The positional distance between the blue and green pebbles within
these pairs is bounded by D. The possible presence of the pebbles (via the
2�log N�-connection) is not a significant problem here, since we are joining at
most two pairs of pebbles within at least a 2D-sized subsegments of SHRC . The
blue/green pebble pairs in SHRC′ would be captured in a symmetrical fashion.

If D = 2d, then we would proceed as above, except there could be two lonely
pebbles left: a blue pebble, b, located 2d+1 positions away from s in SHRC and
a green pebble, g, located 2d+1 positions away from t in SHRC′ . These will be
paired-up by allowing b to cross-over into SHRC′ via a 2d+2 connection. Of course
a direct hop from b’s original position is not possible since it would collide with
another blue pebble’s location (the 2d+1 edge of s). Therefore, b could take a
mini-hop of distance 2d−1 toward s and then take the cross-over edge 2d+2. The
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(potential) problem in the case when the mini-hop would land b on a location
of blue pebble corresponding to the 2�log N� connection from s can be resolved
easily by making the mini-hop of distance 2d−2 instead. Once in SHRC′ , b and
g would be less than D distance away from each other and would be captured.
Alternatively, b and g may be moved into SHRE and captured there.

Finally, the pebbles from SHRE would be captured using CompressSHR.
Observe that as D approaches �N/2�, SHRE will have more and more pebbles.
In fact, for 2K-HRs and D = K, SHRA and SHRE are both K-SHRs with
identical pebble distribution.

The above steps, summarized below, form procedure Hop-a-log that will con-
struct the node-disjoint (s, t)-paths in a given HR.

procedure Hop-a-log(N,s,t)
Make the initial pebble placement and an immediate capture check
Partition the HR into the six SHRs
Compress SHRA

Identify which and cross-over the blue pebbles from SHRB to SHRB′

Compress SHRB′

Capture the one/two remaining pebble pairs in SHRB

Capture the (2d+j , 2d+j − D) pairs in SHRC and SHRC′

If they exist, capture the two lonely pebbles using the 2d+2 hop
Compress SHRE .

Lemma 3. For any HR the Hop-a-log procedure will generate κ = δ node-
disjoint paths between any source node s and destination node t. Moreover, the
length of each such path is bounded by �log D� + 3.

Proof. Follows from proof of Lemma 1, Observation 2, and Lemma 2, and the
fact that the sizes of all of the SHRs on which CompressSHR was used, were
bounded by D. ��

Theorem 1. A node-to-node communication scheme using procedure Hop-a-log
will send a message from s to t within �log D� + 3 rounds, even in the presence
of κ − 1 node failures.

4 Concluding Remarks

Besides facilitating a fast and reliable node-to-node communication, HRs provide
an excellent means for network broadcasting. Assuming a multi-port broadcast-
ing model in which a node can send a message to all of its immediate neighbors
in one round, broadcasting in HRs may be carried out in only �log N� rounds
to send information from any source to all destination nodes, if no nodes have
failed. The bound on the path lengths in Lemma 3, however, guarantees that
an HR broadcasting scheme using this procedure will send a message from any



Fast and Dependable Communication in Hyper-rings 359

source to all destinations within �log N�+2 rounds, even in the presence of κ−1
node failures.

Hyper-rings appear to be the first log-sparse connection architecture that
allows for dependable communication in time of �log D� + 3, where D is the po-
sitional distance between the source and destination nodes. This speed of locality
is especially important for fast and dependable none-to-node communication pro-
tocols and distributed computing. Examples of such applications would include
distributed pattern recognition algorithms, battlefield communication manage-
ment, monitoring systems, etc. HRs are certainly worthy of further studies.
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