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Context-free grammars are viewed as systems of algebraic equations incorporating the
algebraic operations of union and concatenation on languages. This algebraic view also
extends to encompass ambiguity in context-free grammars and language expressions, and
provides significant advantages over the traditional view of ambiguity. In the context-

free environments, ambiguity can be decomposed into union, concatenation, and closure
ambiguity. Previously, we had shown that the traditional proof of the undecidability
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approach, such as the detection, identification, and elimination of certain ambiguity-
causing grammar constructs, we extend and generalize this result by showing that, for
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that even the most restricted versions of this problem are NP-complete.
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1. Introduction

Context-free grammars (CFGs) and the languages they generate, the context-free

languages (CFLs), are useful in defining the syntax of programming languages, for-

malizing the notion of parsing, and numerous other string-processing applications.

Chomsky [4] originated the CFG formalism which he later expanded in [5,6]. The

related Backus-Naur form (BNF) notation was used for the description of ALGOL

in [2,16]. Ginsburg and Rice [10] showed the relationship between CFGs and BNF.

Ambiguity in CFGs was first studied by Cantor [3], Floyd [9], and Greibach [13].

For a thorough investigation of algebraic properties of formal languages, the reader

can refer to [7,11,12,15,17,18,19].

Traditionally, the definition of context-free languages from CFGs is expressed in

terms of derivations or, equivalently, parse trees. Let G = (N,Σ, P, S) be a CFG,

1



May 11, 2011 18:44 WSPC/INSTRUCTION FILE FEB*28

2 Altman and Logothetis

where N and Σ are the sets of nonterminals and terminals, respectively, P is the

set of productions, and S ∈ N is the start symbol. The productions in P have the

form A → α, where A is a nonterminal and α is either a string X 1 · · ·Xn of gram-

mar symbols from (N ∪ Σ)+ or the empty string ǫ. Each nonterminal A defines a

language L(A) over the alphabet Σ. String x is a sentence of L(A) iff there exists

a parse tree with root A and frontier x. By definition, the language L(G) of the

grammar is the language L(S). A grammar is called ambiguous iff there is a sentence

of L(G) that has more than one parse tree, and unambiguous, otherwise.

Example 1. The CFG G1 = (N,Σ, P, S), where

N = {E, F},

Σ = {n, +, *, (, )},

P = {E → E+E, E → E*F, E → F, F → (E), F → n},

S = E ,

will be used as a running example throughout the paper. This grammar is am-

biguous, as can be demonstrated by several distinct parse trees for the sentence

n*n+n+n*n of L(G1), shown in Figure 1. �
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Fig. 1. Four parse trees for the string n*n+n+n*n
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The issue of ambiguity in CFGs is very important, since the grammars utilized

in describing the syntax of programming languages are expected to be unambigu-

ous. Therefore, it would be desirable to have available algorithms, properties, and

methodologies that can assist in the following endeavors:

• Decide whether or not any given CFG is ambiguous.

• Identify and locate ambiguity within the structure of a CFG.

• Identify constructs guaranteed to cause ambiguity in CFGs.

• Transform an ambiguous CFG into an unambiguous or, at least, less am-

biguous one that generates the same language.

Unfortunately, the traditional treatment of ambiguity in CFGs provides little help

along these lines. Indeed, the major result is negative: Specifically, it is well known

that the ambiguity problem in CFGs is undecidable [3,9,13]. The objective of this

paper is to present an algebraic characterization of CFGs which provides a much

more precise, refined, and purposeful way of describing ambiguity, its manifestation

in terms of grammar constructs, and transformations that can help in eliminating

ambiguity from CFGs. In Sections 2-4, we present the algebraic view of CFGs and

CFLs, followed by an algebraic view of ambiguity in CFGs, and its advantages over

the traditional approach. In Section 5, we address the undecidability of ambiguity

in CFGs and CF language expressions and show that even in the most restricted

(i.e., bounded) instances, CFG ambiguity problems are NP-complete or harder. We

propose a practical algorithm that detects the presence of ambiguity, although not

its absence, in Section 6. The issues of grammars and their numerical power series

as well as transformations that can eliminate certain ambiguous constructs from

CFGs are addressed in Section 7, with concluding remarks in Section 8.

2. Algebraic View of CFGs and Languages

Let Σ be an alphabet, Σ∗ the set of strings over Σ, and P(Σ∗) the set of languages

over Σ (i.e., the powerset of Σ∗), and L,M ∈ P(Σ∗). Algebraic operations of union,

concatenation, and (positive) Kleene closure are defined as follows:

(1) L ∪M = {x ∈ Σ∗ | x ∈ L or x ∈ M }.

(2) L·M = {xy ∈ Σ∗ | x ∈ L and y ∈ M }.

(3) L+ = {x ∈ Σ∗ | x ∈ L or x ∈ L·L or x ∈ L·L·L or ...}; Also, L∗ = L+ ∪ {ǫ}.

Union and concatenation operations have a number of important algebraic prop-

erties: Let A,B,C, and D be arbitrary languages over Σ.

• Both union and concatenation are associative: A∪ (B ∪C ) = (A∪B)∪C and

A·(B ·C ) = (A·B)·C .

• Union is commutative, but concatenation is not: A∪B = B∪A, but A·B 6= B ·A.

• The languages ∅ and {ǫ} are the identity operands of union and concatenation,

respectively: A ∪ ∅ = ∅ ∪ A = A and A·{ǫ} = {ǫ}·A = A. Also, ∅ is the zero

operand of concatenation: A·∅ = ∅·A = ∅.
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• Concatenation distributes over union from both left and right: A·(B ∪ C ) =

(A·B) ∪ (A·C ) and (B ∪ C )·A = (B ·A) ∪ (C ·A).

• Both union and concatenation are monotonic: A ⊆ C and B ⊆ D imply that

A ∪ B ⊆ C ∪D and A·B ⊆ C ·D .

A finite length algebraic formula built in terms of these operations on languages

will be called a language expression. Parentheses may be used to indicate the proper

order in which the various operations are applied. Also, the associativity of union

and concatenation makes the use of parentheses for grouping successive unions or

successive concatenations redundant, unless there are other reasons for indicating a

specific order. Furthermore, the distributivity of concatenation over union may be

used to transform a language expression into one formed as unions of concatenations,

without parentheses. Finally, a language expression involving CFLs can always be

simplified, or transformed, into an equivalent one that contains no empty operands.

The definition of a context-free language by a CFG can be expressed as the

solution to a system of algebraic equations. The unknowns in these equations are

the languages of the various nonterminals in the grammar. The equations contain

language expressions that are formed from the right-hand sides of the productions

in the grammar. We first group all productions A → α1, A → α2, ..., A → αm of a

nonterminal A into the form A → α1 | α2 | ... | αm. This composite production for

A can then be transformed into an equation defining the language L(A), as follows:

• L(A) = L(α1 | α2 | ... | αm).

• L(α1 | α2 | ... | αm) = L(α1) ∪ L(α2) ∪ · · · ∪ L(αm).

• L(X1X2 · · ·Xn) = L(X1)·L(X2)· · · · ·L(Xn).

• For t ∈ Σ, L(t) = {t}.

• L(ǫ) = {ǫ}.

To each nonterminal A in a CFG corresponds an equation L(A) = le defining L(A).

This language expression le, the defining expression of L(A), has the form of unions

of concatenations. Collectively, the definitions of the nonterminal languages form a

complete system of equations uniquely defining each of these languages.

Example 2. Grouping together the productions for the two nonterminals of G1

yields the composite productions:

E → E+E | E*F | F

F → (E) | n,

that may be interpreted as the following system of equations:

L(E) = L(E)·{+}·L(E) ∪ L(E)·{*}·L(F) ∪ L(F)

L(F) = {(}·L(E)·{)} ∪ {n}. �
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The interpretation of a CFG as a system of algebraic equations yields definitions

of the languages of the various nonterminals that are equivalent to those obtained

via the traditional techniques that make use of derivations, parse trees, or even

the less traditional approaches that use, for example, the formal power series in

associative, but noncommutative variables [7,17,19], or the morphic generator for

context-free languages [18]. Specifically, for any nonterminal A, the language L(A)

is the limit of successive approximating languages Li(A), i = 1, 2, ..., that satisfy

the following properties, see also [7,10,11]:

(1) L0(A) = ∅.

(2) Li(A) ⊆ Li+1(A) ⊆ L(A), for i ≥ 0.

(3) The approximating languages Li(A) converge monotonically to L(A), in the

sense that for every sentence x of L(A) there exists a unique k > 0, such that

x /∈ Li(A) for i < k and x ∈ Li(A) for i ≥ k.

For a given A, the definitions of the approximating languages Li(A) are obtained

from the equation L(A) = le defining L(A). Specifically, L0(A) = ∅, and for each

i ≥ 0, Li+1(A) = (le)i, where (le)i denotes the language expression le in which each

instance of a nonterminal language L(B) is replaced with Li(B).

Example 3. Starting with L0(E) = ∅ and L0(F) = ∅, the approximating lan-

guages for L(E) and L(F) in Example 2 can now be defined iteratively as:

Li+1(E) = Li(E)·{+}·Li(E) ∪ Li(E)·{*}·Li(F) ∪ Li(F)

Li+1(F) = {(}·Li(E)·{)} ∪ {n}.

Now, we can construct the first few approximating languages, as shown below.

L1(E) = ∅·{+}·∅ ∪∅·{*}·∅ ∪∅ = ∅

L1(F) = {(}·∅·{)} ∪ {n} = {n}

L2(E) = ∅·{+}·∅ ∪∅·{*}·{n} ∪ {n} = {n}

L2(F) = {(}·∅·{)} ∪ {n} = {n}

L3(E) = {n}·{+}·{n} ∪ {n}·{*}·{n} ∪ {n} = {n+n, n*n, n}

L3(F) = {(}·{n}·{)} ∪ {n} = {(n), n}

L4(E) = {n+n, n*n, n}·{+}·{n+n, n*n, n} ∪ {n+n, n*n, n}·{*}·{(n), n} ∪ {(n), n} =

{n+n+n+n, n+n+n*n, n+n+n, n*n+n+n, n*n+n*n, n*n+n, n+n+n, n+n*n, n+n,

n+n*(n), n+n*n, n*n*(n), n*n*n, n*(n), n*n, (n), n}

L4(F) = {(}·{n+n, n*n, n}·{)} ∪ {n} = {(n+n), (n*n), (n), n}.

Note that in L4(E), the strings n+n+n and n+n*n are each listed twice in order

to emphasize the fact that they can be constructed in more than one way. �
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The equivalence of the traditional and algebraic interpretations of CFGs, encap-

sulated in the Properties (1)-(3) of the approximating languages, can be easily jus-

tified as follows: Property (1) is trivially true from the definition of L0(A); Property

(2) is a direct consequence of (1) and the monotonicity of union and concatenation;

Property (3) is true due to the fact that, by construction, Lk(A) consists of precisely

the sentences of L(A) that are the frontiers of parse trees of height ≤ k.

3. Algebraic View of Ambiguity

We now proceed to describe ambiguity in CFGs in algebraic terms, namely in terms

of the standard algebraic operations of union, concatenation, and closure on lan-

guages. Let us start by formally defining the notions of ambiguous union, concate-

nation, language expression, and closure operations.

Definition 1. The union operation in the expression A ∪ B is ambiguous if

A∩B 6= ∅. In other words, at least one string in A∪B has an ambiguous origin.�

Definition 2. The concatenation operation in the expression A·B is ambiguous

if there exist x1, x2 ∈ A, y1, y2 ∈ B, x1 6= x2 and y1 6= y2 such that x1y1 = x2y2.

In other words, at least one string in A·B can be expressed in more than one way

as a concatenation of strings from A and B. �

Definitions 1 and 2 can be extended to (finite length) language expressions as well

as (infinite length) language closure operations.

Definition 3. A language expression with no empty operands is ambiguous if one

or more of the operations into which it is decomposed is ambiguous. �

Definition 4. For any language L, the positive and Kleene closure operations,

denoted by L+ and L∗, respectively, are ambiguous if for some k ≥ 1, the language

expression {ǫ} ∪ L ∪ L·L ∪ · · · ∪ Lk is ambiguous. �

Note that ǫ ∈ L implies that both L+ and L∗ are unconditionally ambiguous.

If L = ∅, then L+ = ∅ and L∗ = {ǫ}, and both, by definition, are not ambiguous.

Determining whether each of the three algebraic operations is ambiguous will be

called the union-, concatenation-, and closure-ambiguity problem, respectively.

Example 4. Consider the language expression ((((A·B)·(C ∪ D)) ∪ E) ∪ (F ·G))

over nonempty languages A − G, in a fully parenthesized form to indicate clearly

its breakdown into six language operations, three unions and three concatenations,

as shown in Figure 2. This language expression is ambiguous iff at least one of the

six operations is ambiguous. �
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Fig. 2. Language Expression ((((A ·B) ·(C ∪D)) ∪ E) ∪ (F ·G)) represented schematically

As stated, the ambiguity of a language expression is tied to the specific decom-

position of the expression into binary operations. A very important fact is that the

ambiguity of a language expression is preserved under language containment as well

as the algebraic transformations based on the associativity of union and concate-

nation, and the distributivity of concatenation over union. This can be established

from the following properties.

Property 1. Both union-ambiguity and concatenation-ambiguity are monotonic:

Let and A ⊆ C and B ⊆ D. If A ∪B is ambiguous then C ∪D is ambiguous. Also,

if A·B is ambiguous then C ·D is ambiguous.

Proof. Follows from the monotonicity of union and concatenation operations. �

Property 2. A ∪
1
(B ∪

2
C) is ambiguous iff (A ∪

3
B) ∪

4
C is ambiguous.

Proof. (⇒) If the first union operation ∪
1
is ambiguous, then ∪

3
or ∪

4
(possi-

bly both) must be ambiguous, and if ∪
2
is ambiguous, then ∪

4
must be ambiguous.

(⇐) In a similar fashion, if ∪
4
is ambiguous, then ∪

1
or ∪

2
(possibly both) must

be ambiguous, and if ∪
3
is ambiguous, then ∪

1
must be ambiguous. �

An immediate implication of the last property, and the commutativity of union, is

that a language expression of the form A1∪A2∪· · ·∪An is ambiguous iff Ai∩Aj 6= ∅,

for some 1 ≤ i < j ≤ n.

Property 3. A·(B ·C) is ambiguous iff (A·B)·C is ambiguous.

Proof. Similar to the proof of Property 2. �

An immediate implication of the last property is that a language expression of

the form A1 ·A2 · · · · ·An is ambiguous iff there exist strings xi, yi ∈ Ai, i = 1, ..., n,

such that x1x2 · · ·xn = y1y2 · · · yn and xj 6= yj , for some 1 ≤ j ≤ n.
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Property 4. A·
1
(B ∪

2
C) is ambiguous iff (A·

3
B) ∪

4
(A·

5
C) is ambiguous.

Proof. (⇒) If ∪
2
is ambiguous, then ∪

4
must be ambiguous. If ·

1
is ambiguous,

then there must exist x1, x2 ∈ A and y1, y2 ∈ B ∪ C such that x1 6= x2, y1 6= y2,

and x1y1 = x2y2. Now, if y1, y2 ∈ B then ·
3
is ambiguous; if y1, y2 ∈ C then ·

5
is

ambiguous; or, if y1 ∈ B and y2 ∈ C or y1 ∈ C and y2 ∈ B then ∪
4
is ambiguous.

(⇐) If ·
3
or ·

5
is ambiguous, then ·

1
must be ambiguous. If ∪

4
is ambiguous, then

there must exist x1, x2 ∈ A, y ∈ B, z ∈ C such that x1y = x2z. Now, if x1 = x2

then y = z and ∪
2
is ambiguous; if x1 6= x2 then y 6= z and ·

1
is ambiguous. �

Property 5. (A ∪B)·C is ambiguous iff (A·C) ∪ (B ·C) is ambiguous.

Proof. Analogous to the proof of Property 4. �

Figure 3 contains four algebraic transformations of the language expression

shown in Figure 2. Based on the properties just described, the ambiguity of any

one of the five expressions implies the ambiguity of the other four.

∪
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Fig. 3. Four algebraic transformations of the expression in Figure 2
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As defined above, the ambiguity of language expressions can now be used to

provide an alternative algebraic characterization of ambiguity in CFGs.

Definition 5. The language L(A) of a nonterminal A in a CFG is ambiguously

defined if the language expression in the equation defining L(A) is itself ambiguous.

A CFG is algebraically ambiguous if the language of one or more of its nonterminals

is ambiguously defined. �

Altman and Logothetis [1] proved that a CFG without useless or unreachable non-

terminals is algebraically ambiguous iff it is ambiguous in the traditional sense.

4. Advantages of the Algebraic View of Ambiguity

The traditional view of ambiguity characterizes a CFG to be ambiguous as a whole.

The algebraic view, however, pinpoints ambiguity down to the level of each separate

language definition in the grammar. Better yet, the ambiguity of each language

definition can be pinpointed down to individual operations, that is, unions and/or

concatenations, in the language expression.

As an example, let us look again at the ambiguous grammar G1. One can

show that L(E) is defined ambiguously, whereas L(F) is defined unambiguously.

The ‘fault’, therefore, lies with the definition of L(E), and not the definition of L(F).

This is important to know when facing the task of transforming G1 into an unam-

biguous grammar that generates the same language. In the definition L(A) = le of a

language L(A), the defining expression le has the form L(α1)∪L(α2)∪ · · · ∪L(αm),

each L(αi) representing the language contributed by the production A → αi for A.

Each pair of αi, αj , 1 ≤ i < j ≤ n, for which L(αi) ∩ L(αj) 6= ∅ manifests an

instance of a union-ambiguity in the definition of L(A), and we will say that there

is a union-ambiguity between the pair of productions A → αi and A → αj .

By examining G1 and the definition L(E) = L(E+E) ∪ L(E*F) ∪ L(F) we see that

the string n+n*n ∈ L(E+E)∩L(E*F); making the union operation in L(E+E)∪L(E*F)

ambiguous. Both L(E+E) ∩ L(F) = ∅ and L(E*F) ∩ L(F) = ∅. The one instance on

union-ambiguity corresponds to the pair of productions E → E+E and E → E*F.

Next, in the definition of L(A), each L(αi) has the form of L(X1)· · · · ·L(Xn).

If this expression is ambiguous, then we say that there is a concatenation-ambiguity

within the production rule A → X1 · · ·Xn.

For example, in the definition L(E) = L(E)·{+}·L(E)∪L(E)·{*}·L(F)∪L(F), the

sub-expression L(E)·{+}·L(E) is ambiguous. This is demonstrated by the strings:

x1 = n+n ∈ L(E), x2 = + ∈ {+}, x3 = n ∈ L(E), y1 = n ∈ L(E), y2 = + ∈ {+},

and y3 = n+n ∈ L(E), giving us x1x2x3 = y1y2y3 = n+n+n. On the other hand,

L(E)·{*}·L(F) is not ambiguous. Therefore, the concatenation-ambiguity in the def-

inition of L(E) is manifested only within the production E → E+E.

As shown, the algebraic view of ambiguity provides a much more detailed picture

than that provided by the traditional view:
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• The ambiguity of a CFG is manifested in terms of ambiguous definitions for the

language L(A) of each nonterminal A. These, in turn, are manifested in terms of

ambiguous union and concatenation operations of the expression defining L(A).

• Union-ambiguities in the definition of L(A) appear between the pairs of pro-

duction rules for A.

• Concatenation-ambiguities surface within individual production rules for A.

A naive systematic process for detecting ambiguity in a CFG, based on the discus-

sion above, is shown in Figure 4.

For each nonterminal A in the grammar, check the definition of L(A) for ambiguity.

Let A → α1, . . . , A → αn be the productions for A.

Union:

for i:=1 to n−1 do

for j :=i+1 to n do

i f L(αi) ∩ L(αj) 6= ∅ then

announce union-ambiguity for A → αi and A → αj ;

Concatenation:

for i:=1 to n do

let αi = X1 · · · Xm

L:=L(X1 ) ;

for j :=1 to m−1 do

i f L·L(Xj+1 ) is ambiguous then

announce ambiguity in the jth concatenation of A → αi;

L:=L·L(Xj+1 ) ;

Fig. 4. A Naive Approach for Detecting Ambiguity

In computational terms, the problem of detecting ambiguity in a CFG is reduced

to that of detecting ambiguous unions and concatenations of CFLs. Since the am-

biguity problem in CFGs is undecidable, it follows that the process described above

will not work. However, it is still valuable on two distinct counts:

• It helps expose the fact that the undecidability proof for the traditional ambi-

guity is incomplete, as only the problem of union-ambiguity for CFLs had been

shown to be undecidable.

• It provides the basis for a computationally plausible and practical algorithm

that accurately detects the presence of union, concatenation, and closure am-

biguities, although not their absence.
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5. Undecidability of Union, Concatenation, and Closure Ambiguity

The problem of ambiguity in CFGs has traditionally been shown to be undecidable

by reducing Post’s Correspondence Problem (PCP) to it. The proof below is similar

to the one found in [14].

An instance PCP(A,B) of Post’s Correspondence Problem consists of two lists

of strings over a finite alphabet Σ, A = a1, a2, . . . , ak and B = b1, b2, . . . , bk.

PCP(A,B) is said to have a solution iff there exists a sequence i1, i2, . . . , in of

integers such that 1 ≤ ij ≤ k for j = 1, . . . , n, and

ai1ai2 · · · ain = bi1bi2 · · · bin .

Let A = a1, a2, . . . , ak and B = b1, b2, . . . , bk be the two lists of strings over

Σ forming an instance of a PCP(A,B), and let c1, c2, . . . , ck, and # be distinct

symbols not in Σ. Consider GPost, a CFG corresponding to the PCP(A,B):

S → SA | SB

SA → aiSAci | aici, i = 1, . . . , k

SB → biSBci | bici, i = 1, . . . , k.

For languages L(SA) and L(SB), each set of production rules is clearly not am-

biguous. Since c1, c2, . . . , ck are distinct symbols not in Σ, GPost can be ambiguous

if and only if the union L(SA)∪L(SB), implied by the two production rules for S,

is ambiguous, i.e., L(SA) ∩ L(SB) 6= ∅. In other words, since the production rules

for SA and SB are not ambiguous, the ability to decide whether the union of two

context-free languages is ambiguous is all that is needed to solve the PCP(A,B).

The above proof leaves open the decidability question for the problems of ambigu-

ous concatenation as well as ambiguous closure operations on CFLs. As we show

next, these problems are undecidable as well.

Theorem 1. [1] Union-ambiguity is reducible to concatenation-ambiguity.

Proof. Let L and M be two languages over Σ. Suppose we wish to determine if

the union operation in L ∪ M is ambiguous, that is, whether or not L ∩ M 6= ∅.

Consider the languages L′ = L·{#} ∪ {ǫ} and M ′ = M ·{#} ∪ {ǫ} over Σ ∪ {#}.

We will show that L ∪M is ambiguous iff L′ ·M ′ is ambiguous.

(⇒) Assume L ∪M is ambiguous and let x ∈ L ∩M . Consider y1 = x# ∈ L′,

z1 = ǫ ∈ M ′ and y2 = ǫ ∈ L′, z2 = x# ∈ M ′. Clearly, y1z1 = y2z2 = x#, and

y1 6= y2, z1 6= z2. Therefore, L
′ ·M ′ is ambiguous.

(⇐) Assume L′ ·M ′ is ambiguous. Consider strings y1, y2 ∈ L′, y1 6= y2, and

z1, z2 ∈ M ′, z1 6= z2, such that y1z1 = y2z2. Since y1 6= y2, w.l.g. let y1 be the

longer of the two strings. So y1 6= ǫ and y1 must have the form y#, where y ∈ L.

Now y2 must be a prefix of y, and y cannot contain #, so y2 can only be ǫ. Therefore,

we have y#z1 = z2. Since z2 6= ǫ, z2 must have the form z#, where z ∈ M . We have

y#z1 = z#. Since z cannot contain #, z1 must be ǫ. Finally, we have y# = z#,

which implies y = z, making L ∪M ambiguous.
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If L and M are CFLs, then so are L′ and M ′, making the concatenation-

ambiguity problem for Type 2, 1, and 0 languages undecidable. Note, however,

that this proof was obtained by introducing the empty string ǫ into the languages

L′ and M ′, which played a pivotal role in the reduction argument.

Below, we show that for ǫ-free CFLs, the concatenation-ambiguity problem as

well as the positive and Kleene closure-ambiguity problems are undecidable, even

if the languages themselves were generated by unambiguous grammars.

Theorem 2. For an ǫ-free CFL L generated by an unambiguous CFG, the union-

ambiguity problem within the language expression L ∪ L·L is undecidable.

Proof. In GPost, let us replace the production rules S → SA | SB by

S → S1 | S1S1

S1 → # | #SA | SB .

The grammar for L = L(S1) is unambiguous. String x ∈ L ∪ L·L = L(S), where

S → S1 → #SA → x ∈ L and S → S1S1 → #S1 → #SB → x ∈ L·L, will exist

and have an ambiguous origin (union) iff L(SA) ∩ L(SB) 6= ∅, i.e., iff PCP(A,B)

has a solution.

Theorem 3. For an ǫ-free CFL L generated by an unambiguous CFG, the

concatenation-ambiguity problem in the expression L·L is undecidable.

Proof. In GPost, let us replace the production rules S → SA | SB by

S → S1S1

S1 → # | #SA | SB#.

Again, the grammar for L = L(S1) is unambiguous. String x ∈ L·L = L(S), where

S → S1S1 → #SAS1 → #SA# → x and S → S1S1 → #S1 → #SB# → x , will

exist and have an ambiguous concatenation iff PCP(A,B) has a solution.

It follows that for ǫ-free CFLs L and M , each generated by an unambiguous CFG,

the concatenation-ambiguity problem in the expression L·M is undecidable.

Theorem 4. For each k ≥ 1 there exists an unambiguous CFG generating an ǫ-free

CFL L such that language expressions of the form {ǫ}∪L∪L·L∪· · ·∪Lj , j ≤ k, are

not ambiguous; nevertheless, the problem of determining whether union-ambiguities

exist within L+ is undecidable.

Proof. Consider the following set of unambiguous production rules for L = L(S1)

S1 → # | #kSA | SB .

The shortest string in L+ with a possible ambiguous origin (union) will be

S1 → #kSA → x ∈ L and #1 · · · · ·#k ·SB = #kSB → x ∈ Lk+1. String x will

exist iff PCP(A,B) has a solution. N.B.: L+ has no concatenation-ambiguities.
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Theorem 5. For each k ≥ 1 there exists an unambiguous CFG generating an ǫ-free

CFL L such that language expressions of the form {ǫ} ∪ L ∪ L·L ∪ · · · ∪ Lj , j ≤ k,

are not ambiguous; nevertheless, the problem of determining whether concatenation-

ambiguities exist within L+ is undecidable.

Proof. Consider the following set of unambiguous production rules for L = L(S1)

S1 → # | #kSA | SB#
k .

The shortest string in L+ with an ambiguous concatenation will be x ∈ Lk+1, where

#kSA ·#1 · · · · ·#k = #kSA#
k → x and #1 · · · · ·#k ·SB#

k = #kSB#
k → x, and

x will exist iff PCP(A,B) has a solution. N.B.: L+ has no union-ambiguities.

It is not by coincidence that Theorems 2, 3, and their proofs are, de facto, instances

(k = 1) of Theorems 4 and 5, respectively. The next result follows immediately.

Theorem 6. For CFLs, the closure-ambiguity problem is undecidable. �

5.1. Bounded Ambiguity Problem

The undecidability of ambiguity in the union, concatenation, and closure operations

can be traced back to the fact that for infinite CFLs, the empty-intersection problem

is undecidable. There are two obvious ways to restrict the domain of the ambiguity

problem to make it solvable: (1) put a limit on the length of the derivations for the

strings which are to be examined for ambiguous unions and/or concatenations, or

(2) put a limit on the height of the parse trees, i.e., check for ambiguities within

and between the (finite) approximating languages of the nonterminals.

Constable et al. [8] had shown that BPCP(A,B), a bounded version of PCP in

which the length of the solution sequence cannot exceed K ≤ |A|, is NP-complete.

Let us introduce two related bounded ambiguity problems, starting with BAP1:

INSTANCE: A Context-free grammar G = (N,Σ, P, S), integer K ′ ≤ |P |.

QUESTION: Does there exist a string x ∈ L(G) that has more than one

derivation of length ≤ K ′?

Clearly BAP1 ∈ NP. Next, BPCP ≤p BAP1, where G = GPost will be constructed

exactly as in the original reduction of the unbounded PCP to the CFG ambiguity

problem, and K ′ = K + 1. Note that for strings in L(GPost), the lengths of their

derivations and the heights of their parse trees are related linearly. While BAP1 is

NP-complete, the second problem, BAP2, appears to be even more challenging:

QUESTION: Does there exist a string x ∈ L(G) that has more than one

parse tree of height ≤ K ′?

CFGs exist where the shortest such string x is exponentially long in |P | and, hence,

in the problem size (G’s encoding). BPCP is also reducible to BAP2, so the problem

is at least NP-hard. However, BAP2 is not known to be in NP or even in PSPACE.
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6. A Practical Algorithm for Detecting Ambiguity

The ambiguity detection process outlined in Figure 4 is not computationally feasible,

because the sets involved in the language expressions containing the union and/or

concatenation operations may be infinite. However, a variant of the algorithm, based

on the monotonicity of union and concatenation operations and their ambiguity, is.

Specifically, let us consider the definition of L(A) for some nonterminal A, and its

approximating languages Li(A), which are always finite. If, for some k ≥ 1, the

definition of Lk(A) demonstrates an instance of union or concatenation-ambiguity,

then the definitions of Li(A), i ≥ k, and the definition of L(A) will demonstrate the

same instance of ambiguity. Conversely, if the definition of L(A) demonstrates an

instance of union or concatenation-ambiguity, then there must exist a k′ ≥ 1 such

that every Li(A), i ≥ k′, will demonstrate the same instance of ambiguity. Hence,

a practical pseudo-algorithm for detecting ambiguities can operate as follows:

for k := 1, . . . do

For each nonterminal A compute Lk (A) (* for closure, compute
⋃k

i=1 L
i
k(A) *)

identifying union and concatenation ambiguities as depicted in Figure 4 ;

This is indeed a computationally feasible algorithm, in that the languages in-

volved in the unions and concatenations are always finite and, therefore, the ambi-

guity of union and concatenation can be detected quite easily: Let A and B be finite

languages, and let |A| denote the number of sentences in A. Then A∪B is ambigu-

ous iff |A ∪B| < |A|+ |B| and A·B is ambiguous iff |A·B| < |A||B|. Furthermore,

the closure ambiguities will naturally manifest themselves as union and/or concate-

nation ambiguities during the appropriate iterations of the k-loop. Notice that the

loop ‘for k := 1, . . . ’ is open-ended. For any given grammar, this algorithm will

detect all union, concatenation, and closure ambiguities if that loop is allowed to

iterate far enough. The problem, of course, is that one cannot predetermine an

appropriate value of k by which ambiguities, if any, are detected.

The algorithm for detecting the presence of ambiguities, via the use of approxi-

mating languages (ALs), has been implemented and it is relatively useful in identify-

ing the ambiguity-causing productions in CFGs. One concern is the size of the ALs,

which for some grammars grow exponentially in k, the approximation index. Various

approaches, e.g., using incrementally-growing prefix trees for the implicit represen-

tation of ALs, have significantly reduced the memory requirements (although not

necessarily the running time) of the ambiguity detecting algorithm.

When this algorithm is applied to G1, the union-ambiguity between productions

E → E+E and E → E*F (for the string n+n*n) as well as the concatenation-ambiguity

within the production E → E+E (for the string n+n+n) are first detected during the

execution of the loop with value k = 4. AL L4(E) in Example 3 confirms this fact.
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7. Elimination of Certain-to-Occur Ambiguities

So far, we have focused primarily on the issues of classification and detection of

ambiguity, both from a theoretical and a practical perspective. Equally important

is the issue of elimination or reduction of ambiguity, i.e., the finding of language-

preserving transformations of an ambiguous grammar into an unambiguous or less

ambiguous one. An implication of Properties 2-5 is that language-preserving gram-

mar transformations based on the associativity of union and concatenation, and the

distributivity of concatenation over union are of no direct help, since they also pre-

serve the ambiguity of the grammar. One can also show that language-preserving

transformations that involve the substitution of a nonterminal in the right-hand

side of a production with its defining expression, or vice versa, do not change the

ambiguity of the definition. Instead, one needs transformations based on the idem-

potency properties of language operations. A very simple such transformation, for

example, is based on the idempotency property “A∪A ≡ A” of union, shown below.

Example 5. For any nonempty language A, the concatenation operation in the

expression (A∪{ǫ})·(A∪{ǫ}) is ambiguous. This expression can be transformed as

follows: (A ∪ {ǫ})·(A ∪ {ǫ}) = A·A ∪ {ǫ}·A ∪ A·{ǫ} ∪ {ǫ} = A·A ∪ A ∪ A ∪ {ǫ} =

A·A∪A∪ {ǫ}. This last transformation eliminated the one certain-to-occur union-

ambiguity in “A ∪ A”. The resulting language expression is not unconditionally

ambiguous, as the original one was, although it can still be ambiguous, depending

on the content of A. �

Identifying such algebraic transformations that eliminate certain-to-occur union

and concatenation-ambiguities appears to be an important step in the construction

of less ambiguous CFGs. Very prominent in that effort is the algebraic operation

of closure, which has many idempotency properties that help both in the detection

and in the elimination of ambiguous constructs commonly encountered in CFGs. Of

particular importance are the properties relating closure and language definitions:

• The definitions L = fL | g and L = Lf | g are equivalent to the definitions

L = f ∗g and L = gf ∗, respectively.

The above is instrumental in converting extended context-free definitions into

the Backus Naur Form. It can be used to convert repetition to left or right recursion

(and vice versa, if there is a need for it). Notice that it says that a∗ is the solu-

tion to the language equation X = aX | ǫ. In other words, the repetition operator,

sometimes also called the quasi-inverse [7,17,19], is the closest one has to an inverse

element, as it could be obtained for the above by the following manipulation:

X = aX | ǫ ⇒ X = Xa+ ǫ ⇒ X −Xa = ǫ ⇒ X(ǫ− a) = ǫ ⇒

X =
ǫ

ǫ− a
=

∞⋃

i=0

a
i = ǫ+ a+ a

2 + · · · = a
∗.
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Although the operations of inverse union and inverse concatenation used in this

manipulation may not formally exist, the analogy with the numeric equation

X =
1

1− a
=

∞∑

i=0

ai = 1 + a+ a2 + · · ·

is clear. One is left to wonder whether the definition of ‘imaginary’ inverses of union

and concatenation could be used to advantage as stepping stones for more general

formula manipulations that, like the one above, start and end in ‘real’ elements.

7.1. Power Series and Ambiguity

It was observed by Schützenberger that any context-free language over a finite al-

phabet Σ can be defined in terms of formal power series (ps) in associative but

noncommutative variables, which are simply functions from Σ∗ to the integers [7].

Each ps is determined by assigning an integral coefficient to each word w in Σ∗. The

collection of all ps is a ring, and the equations of the grammar become honest poly-

nomial equations that are satisfied by the n-tuple of ps (f1 , . . . , fn). The equations

give recursive rules (based on grammar’s productions) that allow for the complete

solution (f1 , . . . , fn) to be constructed by successive approximations [7,11,19].

If the variables in Σ commute (as in Example 6, below), the system becomes

an ordinary algebraic system. In the context-free case, if the coefficients (of all the

monomials) of the solutions f1 , . . . , fn are all 0 or 1, then the CFG is unambiguous.

Otherwise, these coefficients indicate the number of distinct derivations, or parse

trees, for a given string w. Therefore, if a coefficient for any string exceeds 1, the

corresponding CFG is ambiguous.

Example 6. Let us examine the grammar G2 below.

Z→ X | Y

X→ aaaX | aaa

Y→ aaaaaaaY | ǫ.

L(X) contains all nonempty strings over {a} of lengths that are divisible by 3 and

L(Y ) has strings whose lengths are divisible by 7, including ǫ. Solving for X and Y,

X = Xaaa+ aaa ⇒ X −Xaaa = aaa ⇒ X(ǫ− aaa) = aaa ⇒ X =
a3

ǫ− a3
, and

Y = Y aaaaaaa+ ǫ ⇒ Y − Y aaaaaaa = ǫ ⇒ Y (ǫ− aaaaaaa) = ǫ ⇒ Y =
ǫ

ǫ− a7
.

The concatenation operation is commutative for languages defined over one-

symbol alphabets and {ǫ} ≡ 1 is always the concatenation ≡ multiplication identity

operand. Also, recall that languages over one-symbol alphabets are context-free iff

they are regular, hence, L(Z) does have an unambiguous Type 3 grammar.
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Let a = 1/2 and examine the numeric power series for L(X) and L(Y ), where

X =
a3

ǫ− a3
=

1/8

1− (1/8)
=

1

7
=

∞∑

i=1

(1/8)i = 0.14285714 . . . , and

Y =
ǫ

ǫ− a7
=

1

1− (1/128)
=

128

127
=

∞∑

i=0

(1/128)i = 1.00787401 . . . , respectively.

Converting into base two, we obtain the coefficients for each aj in L(X) and L(Y )

X = 0.14285714 . . . = 0.00100100100100100100100100(2) . . . , and

Y = 1.00787401 . . . = 1.00000010000001000000100000(2) . . . , respectively.

Since Z → X | Y , we have Z = X + Y. So, the aj coefficients in L(Z) are:

Z = 1.15073115 . . . = 1.00100110100101100100200100(2) . . .

L(Z) = {ǫ, a
3, a

6,a7,a9, a
12,a14,a15,a18, a

21, a
24, ...... }. N .B.: a

0 = ǫ ≡ 1.

The coefficient of “2” in the 21st position past the binary point refers to

(1/2)21, that is, the two derivations of the string a21 = (aaa)7 in L(X) and

(aaaaaaa)3 in L(Y ). This makes the union in the equation L(Z) = L(X) ∪ L(Y )

and, hence, G2 ambiguous. If in G2, we replaced Z → X | Y with W → XY ,

and performed multiplication instead of addition, then W = 0.14398200 . . . =

0.0010010011011011111111121121(2) . . ., would identify a24 as the shortest string

with a concatenation ambiguity in L(W ), where a24 = a3 ·(a7)3 = (a3)8 ·ǫ. �

The simple example above shows how numeric ps can sometimes be used to

detect the presence of ambiguity by recognizing the specific strings with multiple

derivations. Unfortunately, both the formal ps and numeric ps approaches do very

little in terms of locating and possibly eliminating, or at least reducing, ambigu-

ities in CFGs. This becomes very apparent when one investigates more complex

grammars and their ps (see, e.g, [7], p.128-9).

7.2. Language formulas with closures

The definitions of positive and Kleene closure are based on combinations of union

and concatenation operations. This makes the notion of ambiguous closure oper-

ations well defined and quite intuitive (Definition 4). The following identities in

language formulas with closures are very useful in the detection and elimination of

ambiguities:

• A∗A∗ ≡ A∗.

The concatenation in the left side of the identity is always ambiguous. Trans-

forming such a construct into A∗ eliminates that source of ambiguity.

• A+A∗ ≡ A∗A+ ≡ A+.

The concatenation in both the left and middle sides of the identity is always

ambiguous. Transforming either construct into A+ eliminates that ambiguity.
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• (A∗)∗ ≡ (A+)∗ ≡ (A∗)+ ≡ A∗.

The top (outside) closures in the left three sides of the identity are all always

ambiguous, and their transformation into A∗ eliminates that ambiguity.

• (A+)+ ≡ A+.

The top closure in the left side is ambiguous, right side eliminates that particular

source of ambiguity.

• A(BA)∗ ≡ (AB)∗A; A(BA)+ ≡ (AB)+A; (A |B)∗ ≡ A∗(BA∗)∗.

The last three identities actually preserve the ambiguity status of the two sides.

Their application, however, can help facilitate the application of one or more

of the other identities involving closures, particularly the first one.

7.3. Ambiguity-causing production rules and their transformations

As shown, the algebraic characterization of CFGs provides a much more precise,

refined, and purposeful way of describing ambiguity, its manifestation in terms of

grammar constructs, and transformations that help in eliminating ambiguity from

CFGs. Besides closure and its idempotency properties, additional observations and

grammar transformations can be identified.

Observation 1. L·M ⊆ L and K ·L ⊆ L ⇒ union in L·M ∪K ·L is ambiguous.

Proof. Let x ∈ K, y ∈ L, z ∈ M . Then, xyz ∈ K ·L·M = (K ·L)·M ⊆ L·M .

Also, xyz ∈ K ·L·M = K ·(L·M) ⊆ K ·L. Therefore, xyz ∈ L·M ∩K ·L. �

Corollary 1. A CFG containing production rules of the form

A → βA | Aγ | δ

is ambiguous. They can be replaced with equivalent production rules

A → βA | T

T → Tγ | δ,

where T is a new nonterminal. �

Example 7. The production rules in G1,

E → E+E | E*F | F,

have the form described in Corollary 1, where A = E, β = E+, γ = *F, and δ = F.

Therefore, they can be replaced with the production rules

E → E+E | T

T → T*F | F,

and one can now show that the new grammar has no union ambiguities. �
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Observation 2. L·M ·L ⊆ L ⇒ language expression L·M ·L is ambiguous.

Proof. Let x1, x2, x3 ∈ L, and y1, y2 ∈ M . Consider w1 = x1y1x2, u1 = y2x3

and w2 = x1, u2 = y1x2y2x3. Now, we have w1u1 = w2u2, and w1 6= w2, u1 6= u2.

Also, w1 = x1y1x2 ∈ L·M ·L ⊆ L, u1 ∈ M ·L, and w2 ∈ L, u2 = y1x2y2x3 ∈

M ·(L·M ·L) ⊆ M ·L. So, L·M ·L is ambiguous. �

Corollary 2. A CFG containing production rules of the form

A → AβA | γ

is ambiguous. They can be replaced with equivalent production rules

A → Aβγ | γ. �

Example 8. The production rules introduced in Example 7,

E → E+E | T,

have the form described in Corollary 2, where A = E, β = +, and γ = T.

Therefore, they can be replaced with the production rules

E → E+T | T.

The final resulting grammar, which is equivalent toG1, is shown below. It is provably

unambiguous, since all of its union and concatenation operations are unambiguous.

E → E+T | T

T → T*F | F

F → (E) | n. �

8. Conclusion

An algebraic view of context-free grammars and languages providing new insights

into the issue of ambiguity was presented. Our primary focus has been on the issues

of undecidability, and the classification and detection of ambiguity, from theoretical

and practical, i.e., algorithmic, perspectives, respectively. The topic of elimination

and/or reduction of ambiguity has also been addressed. A number of useful transfor-

mations, which eliminate constructs that are certain-to-cause ambiguities in CFGs,

language expressions, and closure operations were identified and analyzed.

The algebraic approach to CFGs and CFLs allows for a more precise and thor-

ough investigation of ambiguity, including its reduction and/or outright elimination.

The partition of ambiguity into its union, concatenation, and closure components

also exposed the fact that the traditional ambiguity undecidability proofs were

somewhat incomplete, as they did not address the undecidability results regarding

the ambiguity of the concatenation and closure operations on ǫ-free CFLs.
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